In this work, we have investigated anisotropic neutron stars in the framework of Rastall-Rainbow gravity. All our calculations were computed using the IU-FSU realistic equation of state (EoS), in which was considered two cases: standard nucleonic composition and the one with the eight lightest baryons. From the neutron star masses and radii obtained we conclude that anisotropic pressure has significant consequences on the structure of stellar objects. In particular, when anisotropy is considered within the general relativity framework, it significantly modifies the maximum stellar mass. On the other hand, when Rastall-Rainbow gravity and anisotropy are simultaneously considered, they provide the best results for mass and radius values, including important astrophysical objects such as the LMXB NGC 6397 and the extremely massive pulsar millisecond MSP J0740 + 6620. Although the expected inclusion of hyperons in the nuclear model reproduces stellar masses smaller than those produced by standard nucleonic matter, we shown that the hyperon puzzle problem can be solved by including anisotropic effects on compact stars in the context of the Rastall-Rainbow gravity.
I. INTRODUCTION
General Relativity (GR) is widely accepted as the theory of gravity. Since its proposition, GR has changed our understanding of the nature of space and time and has passed a substantial number of experimental tests. Among these tests, lies the great precision with which it predicts the orbital precession of the mercury perihelion, the recent detection of gravitational waves generated by binary neutron star (NS) systems [1] and the first observation of a black hole shadow obtained by the Event Horizon Telescope [2] .
However, although predictive in a wide range of situations, GR has some limitations, and there are still some questions that it cannot explain satisfactorily, either in the context of cosmology or in the astrophysical context, as for instance, the dark matter problem, the dark energy problem, and the early inflation [3, 4] . These limitations have lead to the proposal of the so-called modified theories of gravity, which extend GR through the introduction of additional terms in the integrand of the Einstein-Hilbert action. Examples of those include the f (R) gravity and extensions (see [5] for an extensive review).
In addition to the modified theories of gravity discussed above, we also mention the Rastall [6] and Rainbow theories [7] , built by changing some fundamental conceptions of gravity and principles of GR. These two theories have been combined in a recent work and shown to provide a good description of both massive and low radii NS [8] .
The limits of the validity of GR are being probed by important experimental tests in regions of extreme gravity. Comprehensive efforts have been concentrated, for instance, on the detection of gravitational waves emitted by mergers of compact objects such as neutron stars and black holes. In fact, the GR prediction that gravitational waves travel at the speed of light has been recently verified by the multi-messenger observation of the GW170817 event [1] , which has also excluded some of the proposed theories of modified gravity.
In addition, neutron stars (NS) are considered important astrophysical laboratories that allow for different theoretical models of nuclear matter under extreme physical conditions and alternative gravity theories [9, 10] to be tested. Gravity modification is expected to affect a number of important physical characteristics of NS, such as mass and radius, for which observations are becoming more and more accurate. The launching of the NICER telescope [11] in 2017 promised precise values for masses and radii in a near future.
From the theoretical/phenomenological point of view, one needs to combine modern equations of state which model neutron nuclear matter with an appropriate description of gravity. When studying the physical characteristics of NS it is usual to consider that the matter content within the star is described by an isotropic perfect fluid equation of state, which possesses equal radial and tangential pressure components. On the other hand, some astronomers believe that magnetic fields (B) directly influence the formation of the structure of NS as much as the gravitational attraction. Usually these ob-jects have a magnetic field of the order of 10 12 G and are generally detected in the universe as pulsars, but some present even stronger magnetic fields [12] and are commonly called magnetars. In these cases, anisotropic effects are expected due to tensions in stellar matter [10, [13] [14] [15] . On the other hand, regardless of the physical nature of the appearance of anisotropy in stellar fluid, its effects lead to significant changes in the star structure [16] [17] [18] [19] [20] [21] [22] [23] [24] . The necessity of dealing or not with anisotropic pressure and how to compute its effects are still controversial issues, but there are a number of different prescriptions in the literature and some recent discussions can be found in [12, [25] [26] [27] [28] . Within this context and motivated by recent observations of NS with masses above 2.0 M ⊙ [29] , we next study anisotropic compact stars in the framework of the Rastall-Rainbow model of gravity (RR), as proposed in [8] .
This work is divided as follows: in section II we review the Rastall-Rainbow model and the resulting TOV-like equations for anisotropic compact stars are obtained; we present our main results and discussions in section III and draw the final conclusions in section IV.
II. RASTALL-RAINBOW GRAVITY AND STELLAR STRUCTURE EQUATIONS

A. Rastall-Rainbow theory
The Rastall-Rainbow gravity model [8] comes from the combination of two modified theories of gravity that extend GR, namely the Rastall theory [6] and the Rainbow theory [7] .
In 2004, João Magueijo and Lee Smolin [7] proposed a generalization of nonlinear (or deformed) special relativity to curved space-time. They have shown how the formalism, which characterizes the principles of this relativity, can be generalized to incorporate curvature, leading to what may be called double general relativity. Initially, they proposed a dual realization of this nonlinear relativity in the momentum space, and thus demonstrated that for such case, the space-time invariant becomes an energy dependent metric. Rainbow gravity is caused by the modification of the usual relativistic relation E 2 − p 2 = m 2 in the high energy regime. This modification is induced by two arbitrary functions (Rainbow functions) Ξ(x) and Σ(x), satisfying
where x = E/E p is the relationship between the energy of the test particle E and the Planck energy E p = ℏc 5 G . The quantities m and p are the respectively the particle mass and momentum. Consequently, Ξ(x) and Σ(x) are chosen so that, under a low energy regime x = E/E p → 0, the usual dispersion ratio is recovered so as to satisfy the relations: (2)
The space-time in this context is usually constructed using the following energy dependent metric [7] g(x) = η ab e a (x) ⊗ e b (x),
where e a (x) e and e b (x) are the energy dependent fields and are related to the independent fields, denoted by e a and e b , according to the following expressions:
We identify b = (1, 2, 3) as the spatial coordinates. Now we use Einstein's field equations modified by Rainbow gravity, under the assumption that the space-time geometry is dependent on the energy of the test particle (EPT). Thus all the quantities that make up the field equations in this gravity become dependent on this energy. In addition, Einstein's field equations are replaced by a family of other field equations, such as
In 1972, Peter Rastall [6] maintaining the validity of the gravitational Bianchi identity of the Einstein geometric tensor (∇ µ G µν = 0), proposed a generalization concerning the conservation principles of the energy momentum tensors, considering that in curved space-time we had ∇ µ T µν = 0. Based on phenomenological justifications, Rastall considered that the divergence of T µν was proportional to the variation of the Ricci scalar R. He postulated that the curvature itself contributed to the total energy of the system. The modification of the conservation law of the energy-momentum tensor in curved space-time, is written as [8] :
Here, λ is a constant called Rastall parameter, which measures the possibility that the geometry couples with the fields of matter [30] . The modification inserted in equation (6) is such that forλ = 0, or, equivalently, λ = 1, we adequately recover GR. The Ricci scalar R vanishes in flat space-time, and thus the conservation law for T µν in this context is restored, what reinforces the obvious condition that Rastall theory imposes a non-flat space-time.
In fact, modified Einstein field equations consistent with equation (6) can be written in the simplified form
which are the field equations modified by Rastall's gravity.
The Rastall-Rainbow model unifies the effects of Rainbow gravity with the effects of Rastall gravity, under a single formalism. The field equations in this unified formalism are written as follows:
where the Rastall parameter λ is independent of the test particle energy. In the following section, we describe the procedures for solving equation (8) in the description of stellar hydrostatic equilibrium. In fact, such an approach results in modified TOV [31, 32] equations due to the modifications inserted by Rastall-Rainbow gravity.
B. Stellar Structure
In order to study compact objects, we assume spherical symmetry for the metric. This way, by replacing the usual GR quantities e i for spherical symmetry into Eq.
(3), we obtain:
where A(r) and B(r) are radial functions. We can see that our metric depends on the rainbow functions Ξ(x) and Σ(x), that is, it depends on the energy of the probe particles. However, note that the coordinates r, t, θ and φ don't have this dependency.
We assume that stellar matter can be described as an anisotropic fluid represented by the following stressenergy tensor [33] [34] [35] :
where p t (r), ρ(r) and p r (r) are respectively the tangential pressure, the energy density and the radial pressure of the fluid. The quantities U µ and N µ represent respectively the four velocity and radial unit vector, whose definitions are:
These quantities obey the conditions:
Rewriting Eq. (7) in its covariant form and rearranging its terms, so that we have the usual Einstein tensor on the left side of the equation, we obtain the usual Einstein equation with an effective energy-momentum tensor, as follows:
where
Now, by using the definitions for the energy dependent spherically symmetric metric given in Eq.(9) and the energy-momentum tensor for an anisotropic fluid shown in Eq.(10), we calculate the components of the field equations (13) , and obtain:
whereρ,p r andp t are the effective energy density, the effective radial pressure and the effective tangential pressure respectively, which are defined as
The field equations obtained here, Eqs. (15)−(17), resemble those achieved in GR for a static spherically symmetric anisotropic fluid. The main difference is that now instead of the usual pressures and energy density, we have the equivalent effective quantities. Thus, similar to what is done in the GR case, we can redefine the function A(r) in terms of a new function M (r) as follows:
By making this replacement in equation (15), we can solve the M (r) equation by direct integration so that
From the equation above we can conclude that M (r) is the stellar mass, and that r = R is the stellar radius. Note that the mass depends on the effective energy densityρ. Thus, as in our previous work, we conclude that the Rastall-Rainbow λ and Σ parameters modify the mass values. Also, it is important to point out that ρ depends on both the radial pressure p r and the tangential pressure p t . Therefore, in the case analyzed here where p r = p t the mass values are also affected by the anisotropy. We can verify that in the case where p r = p t we recover the definition ofρ from our previous article [8] . Moreover, by assuming λ = 1 and Σ = 1 we find ρ = ρ so that the GR mass definition is retrieved. By calculating the modified conservation law for the energy-momentum tensor T ν µ;ν =λR µ , we get:
whereσ =p t −p r . Rearranging Eq. (16) and employing the relation shown in Eq. (21), we find
Now, we can replace the equation above into Eq. (23) to eliminate the function B, in order to get:
This equation describes the hydrostatic equilibrium equation in the context of Rastall-Rainbow gravity modified by the inclusion of the anisotropy factorσ =p t −p r . To take anisotropy into account, we consider an anisotropic profile dependent radial pressure and geometric quantities that can be derived from space-time geometry [33] , as given by
where β is the anisotropic constant. The expressionσ = σ/Σ(x) 2 reflects the effects of anisotropy in equation (25) . The function of the metric e −λ in equation (26) is here identified as follows
In the next section, we use equation (25) to analyze the gravitational equilibrium of neutron stars.
III. RESULTS AND DISCUSSION
Macroscopic properties, such as mass and radius of anisotropic neutron stars in the context of Rastall-Rainbow gravity are studied next. Initially, it is necessary to construct an appropriate equation of state (EoS) to model the nuclear matter contained within the star. For this purpose, we use a model originated from the relativistic mean field theory (RMF), the IU-FSU parameterization proposed in [36] . According to the authors in [8] , in addition to supporting the tests proposed in [37] , the IU-FSU also satisfactorily reproduces the recent astrophysical constraint from the observation of GW170817 [38] . We consider two cases for the EoS: first, with nucleonic matter only; second, with the inclusion of the eight lightest baryons, and the results for both cases are shown below in the tables and corresponding figures.
The usual TOV solutions from general relativity are obtained using Σ = 1, λ = 1 and σ = 0. They are represented by the continuous purple lines in the figures and the resulting values for the maximum mass (and the corresponding radius for this solution) are listed on Tables I  to IV . Additionally, we use the full BPS EoS to describe the stellar outer crust [39] .
We model the anisotropic profile σ according to equation (26) , which has been previously studied in the context of GR [33] . Note that effects due to the anisotropy vanish on the stellar surface, namely σ(R) = 0. For the parameters of the Rastall-Rainbow gravity, we use the same values considered in [8] . As for the anisotropy parameter β, we have tested a range of positive and negative values: β = 0, ±0.5, ±1.0, ±1.5, ±2.0, ±2.5.. We observe that negative values drastically decrease the maximum stellar mass, and, while we maintain one such example in each table for pedagogical reasons, they are effectively discarded. In contrast, when combined with the effects of Rastall-Rainbow, we find that the positive values for β provide the best results for the mass-radius of a neutron star family when confronted with modern astrophysical constraints: the neutron star in the quiescent lowmass X-ray binary (LMXB) NGC 6397 [40] [41] [42] and the extremely massive millisecond pulsar MSP J0740+6620 [29] . Therefore, the positive values have been further explored.
First, we analyze the effects of the proposed anisotropic profile on solutions of the usual TOV equations from GR. The IU-FSU EoS without hyperons yields a maximum mass slightly smaller than 2.0M ⊙ and the radius corresponding to the canonical star (1.4M ⊙ ) satisfies the restrictions imposed by GW170817, which suggests, for this star, a radius value between 10.5 -13.4 km [1]. From Table I and Fig. 1 one can see that, while the anisotropic effect is to increase the maximum mass, the corresponding radius also increases as the mass grows, i.e., as β assumes larger values, maximum masses and radii increase. Our tests indicate that the results are extremely sensitive to these variations and therefore we have restricted a limiting value to this parameter around β = 2.0.
Next, by using some fixed value settings for the Rastall-Rainbow theory, we again analyze the effect of the anisotropy on the neutron star mass-radius relation and the results are shown in Table II . We vary the anisotropy parameter around the values mentioned above. Although the Rastall theory hardly affects the maximum stellar mass and dramatically increases the corresponding radius, the Rainbow theory, on the other hand, increases both depending on the values chosen [8] . Notice in Fig.  2 that the implementation of the anisotropy makes it possible to obtain larger maximum mass configurations as compared to the results obtained in [8] . The combination of both theories (Rastall and rainbow) plus the introduction of the anisotropy allows the maximum mass to increase substantially to satisfy modern astrophysical observations.
Due to the extreme density conditions within neutron stars, the possibility of the appearance of baryonic species more massive than protons and neutrons, the so-called hyperons, cannot be discarded. However, their inclusion in the nuclear model is known to soften the EoS and therefore to produce smaller maximum masses than the ones produced by their nucleonic counterpart. This feature is known as the hyperon puzzle, a hot topic in nuclear astrophysics. There are different ways to circumvent this problem. One of them is the inclusion of new degrees of freedom with strangeness content [43] , another is the solution of TOV-like equations in the braneworld [44] and still one more possibility is the introduction of the caotic field approximation [28] . In the present work we show that the problem can also be solved by including anisotropic effects on neutron stars in the context of Rastall-Rainbow gravity.
Once again, we start by analyzing the effects of the anisotropy on the usual TOV equations from GR. The results are displayed in Table III and Fig. 3 . Again, as the maximum mass grows, the radius for the canonical star also grows and therefore NGC 6397 constraint is not satisfied. In Table IV and Fig. 4 , we show the effects of Rastall-rainbow gravity on the properties of anisotropic neutron stars obtained with IU-FSU EoS with hyperons. As for the meson-hyperon coupling constants, we use the same values as in [45] . We are now able to adjust values for both NGC 6397 and MSP J0740+6620 observations.
IV. CONCLUDING REMARKS
In this work we have studied the equilibrium configuration of anisotropic neutron stars using one typical equation of state (IU-FSU) for standard hadronic matter, which was selected in order to agree with bulk nuclear matter properties, the neutron star maximum masses recently observed and constraints from gravitational wave observations. After we have chosen the equation of state we proceeded to calculate the stellar structure and, for this purpose, we used the well know TOV equations where general relativity is considered and afterwards we employed the modified version of the TOV equations for the case of Rastall-Rainbow gravity.
After this initial tests we have come up with an exploration of the parameter window of RR gravity. To avoid very arbitrary parameter values, we have chosen the same values obtained in the previous paper with which both massive and small radii stars could be described [8] . We have then explored anisotropic effects both on stellar matter constituted of nucleons only and also on hyperonic matter as input to RR equations. We observed that neutron star masses can extend to values next to 2.5 M ⊙ . As already pointed out in [8] , while the maximum mass increases, the RR theory allows the decrease of the canonical NS radii.
We have shown two main global effects. At first, when only anisotropy is considered in the usual GR framework, it can significantly alter the maximum stellar mass. On the other hand, when Rastall-Rainbow gravity and anisotropy are considered simultaneously, the positive values for β provide the best results for the radius and mass of a neutron star, which satisfy recent astrophysical constraints. Moreover, although the inclusion of hyperons in the nuclear model results in a softer EoS and smaller stellar masses than those produced by their nucleic counterparts, we have shown that the problem can be solved by including anisotropic effects on neutron stars in the context of Rastall-Rainbow gravity. Within this new perspective, we can produce macroscopic properties within the currently accepted range for a variety of parameters when combining the effects of RR with anisotropic stellar configurations.
Finally, it is worth mentioning that all our results were motivated by previous works [8, 46] in which the dependence of the Rainbow functions with the energy scale of the star was not considered, but rather taken as effective parameters. This consideration is justified because the energy dependence of the previously mentioned functions is not very well know. This technical detail can be traduced in a more complex form of the resulting field equations and we plan to work in this problem in a future work. 
FIG. 2. Mass-radius relation for a family of hadronic stars described with the IU-FSU EoS without hyperons. We analyze the effects caused by varying the Rainbow and anisotropic parameters " Σ, β " (left) while keeping the other parameter fixed and, the effects of varying the Rastall and anisotropic parameters " λ, β " (right) while keeping Σ fixed. FIG. 3. Mass-radius relation for a family of hadronic stars described with the IU-FSU EoS with hyperons. We analyze the effects caused by varying the anisotropic parameter β. FIG. 4. Mass-radius relation for a family of hadronic stars described with the IU-FSU EoS with hyperons. We analyze the effects caused by varying the Rainbow and anisotropic parameters " Σ, β " (left) while keeping the other parameter fixed and, the effects of varying the Rastall and anisotropic parameters " λ, β " (right) while keeping Σ fixed.
